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The exact static and spherically symmetric solutions of the vacuum field equations for a Higgs 
Scalar- Tensor theory (HSTT) are derived in Schwarzschild coordinates. It is shown that in general 
there exists no Schwarzschild horizon and that the fields are only singular (as naked singularity) 
at the center (i.e. for the case of a pont-particle). However, the Schwarzschild solution as in usual 
general relativity (GR) is obtained for the vanishing limit of Higgs field excitations. 
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The standard model (SM) of elementary particle physics 
has been remarkably successful in providing the aston- 
ishing synthesis of the electromagnetic, weak and strong 
interactions of fundamental particles in nature [l|, Q , and 
according to it, any massive elementary particle is, in 
fact, surrounded by a scalar meson cloud represented by 
the excited scalar Higgs field that acts as a source of the 
mass of the particle. The Higgs mechanism [J 0] , there- 
fore, provides a way of the acquisition of mass by the 
gauge bosons and fermions in nature. In view of these de- 
velopments, the gravitational field equations with an un- 
known additional, ad hoc minimally coupled scalar field 
added as source in the Hilbert-Einstein field equations 
was examined in detail in the past Q , assuming for sim- 
plicity the scalar field as massless; it was shown that any 
such scalar field influences and modifies the metric inde- 
pendently from its strength in such a way that there ex- 
ists always a simultaneous solution of the massless scalar 
field equation and Einstein's field equations for the static 
case with a scalar point-charge as a source. In any case 
no Schwarzschild horizon appears and only at the point- 
particle the metric and the scalar field result singular as 
naked singularity; this is a similar situation to that of the 
Reissner-Nordstrom solution [6], only in a more general 
way, since singularities are avoided there only in the case 
of sufficiently strong electric charges compared with the 
mass. 

General relativistic models with a scalar field, which is 
coupled to the tensor field of GR, are conform equiv- 
alent with more-dimensional general relativistic models 
0. Thus, following the isomorphy theorem [8], projec- 
tive spaces as Kaluza-Klein's can be reduced to usual 
Riemannian 4-spaces, whereas a functional 5th compo- 
nent of the projective metric plays the role of a variable 
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gravitational "constant" (as first worked out in fo*]), by 
which it is possible to vary the strength of gravitation 
in scalar-tensor theories. Following this and willing 
to get a Lagrangian-based model from which the charac- 
teristics of the scalar field can be known, in the present 
paper, an analogous approach as the one in is ful- 
filled, but for the case of a non-minimally coupled Higgs 
field within the Higgs Scalar- Tensor theory (HSTT); it is 
shown that this can lead to regular fields except for the 
point-particle as naked singularity. 

The interaction of the Higgs field with the particles 
that acquire mass is of short-ranged gravitational type 
^^'^ ^1^0 compatible with Dirac's large num- 
ber hypothesis [ij and with Einstein's Mach-Principle 
p^ . with mass appearing through gravitational interac- 
tion. Utilizing the Jordan-Brans-Dicke theory ^] and 
Zee's ideas of induced gravity [ll], such Higgs gravitation 
was first acquainted by Dehnen and Frommert [13, [3 ' 
coupling the Higgs field (f> non-minimally with the cur- 
vature scalar R — g^^ R^i, of General Relativity (GR) 
and combining gravity with symmetry breakdown. Such 
theories have been subsequently used to explain various 
diverse physical phenomena viz. dark matter and flat ro- 
tation curves of spiral galaxies 1^ 2p, [2l[ , quintessence 
and cosmological inflation [S^, l23l. |24|. 
Let us consider the uniquely formed Lagrangian in the 
natural system of units [17] as follows. 
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where d is a dimensionless parameter and Cm \/^9 is the 
Lagrangian for the fermionic and massless bosonic fields. 
The Higgs potential in Eq.([T]), which is normalized in 
such a way that y((/>o) = is valid for the ground state 
value = 00 of the scalar field, yields 
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with /i^ < and A > as real-valued constants. 
The Higgs field in the spontaneously broken phase of 
symmetry leads to the ground state value of the Higgs 
field as 



^0 <PI = v'^ = 



6^ 
A 



(3) 



which can further be resolved as 0o = vN with N = 
const, satisfying N'''N = 1. With the introduction of 
that unitary gauge [H, [2l[ , the general Higgs field (f> may 
then be written in terms of the real- valued excited Higgs 
scalar field ^ in the following form: 



(p = vy/TT^N. (4) 
The length scale of this Higgs field is given through 

1/2 
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with the Higgs field mass M, while the gravitational cou- 
pling parameter G is then defined through the ground 
state value of the Higgs field given by Eq.Q: 



G = 



1 A 
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The dimensionless parameter a in Eq. ([T]) may be defined 
in terms of the ratio 



a ~ {Mp/MwY > 1 



(7) 



where Mp and My/ are the Planck mass and the mass 
of the gauge boson, respectively. The mass of the gauge 
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boson is given through 
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where g is the coupling constant of the corresponding 
gauge group. The effective gravitational coupling, how- 
ever, is given through 



G'e//-G(0 = (l + 0-'G, 



(9) 



which reduces to Eq.® in the absence of the excited 
Higgs scalar field ^ (i.e. for ^ = 0) and gets singular for 
a vanishing Higgs scalar field with ^ = — 1 [2l[ . 
The coupling (given through Cm) of the Higgs particles 
to their source is only weak (i.e. ~ G) pTl l2ll. l25j . and 
the Higgs field equation takes the form 
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for the first of these cases, wherein T is the trace of 
the symmetric energy-momentum tensor T^;^ belonging 
to C M \J~g in the Lagrangian given by Eq. ((T|) , which sat- 



isfies the conservation law T,, 



in the here analized 



case where (/> does not couple to the fermionic state '\\) in 
C]\i^~g. However, a coupling to SM, which means the 
production of the fermionic mass through this Higgs field, 
breaks the conservation law through a new "Higgs force" 
and implies simultaneously that the right hand-side of 
Eg. pT])) vanishes identically [l^[2^. Nevertheless, this 
second case will be discussed later and not further here. 
Further, the Hilbert-Einstein equations, which reduce to 
the usual ones of GR for vanishing excitations ^, are now 
given through 



i?M.-^(i + 0" 
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for which the value of the Ricci curvature R has already 
been introduced. 

It is important to notice that in view of the structure of 
I in the HSTT, only large values of the length scale I are 
expected. Indeed, only such values within the HSTT lead 
to the correct explanation of flattened rotation curves of 
spiral galaxies without assuming dark matter |2l[, 
as a consequence of long-range changes of the dynam- 
ics because of Higgs gravitation, i.e. the gravitational 
interaction of massive scalar Higgs-like fields, where non- 
minimally coupled Higgs particles interact almost only 
through the gravitational channel and thus with pre- 
dictions in accordance with the experiments. However, 
given the relatively small masses M, it is important to no- 
tice that the limiting case of a vanishing Higgs field mass 



([5]) of the non-minimally coupled Higgs field as scalar 
field (^ ^ oo) can be understood as a double limit /i^ ^ 
and A ^ 0, so that /^'^/A = and — /i^/A — finite 
remain valid throughout. Thus, the ground state value 
keeps the degeneracy (remains the one of a Higgs mode 
and does not go through to one of a Wigner one) and the 
symmetry stays broken at low energies. The scalar field 
still changes the usual dynamics after symmetry break- 
down and the excitations are in general non-vanishing. 
Thus, the field equations pTjl do not reduce to the usual 
ones of GR and new changes in the dynamics can be ac- 
quainted to the scalar field and its gravitational Yukawa- 
type interaction. 

An analysis of the limit of vanishing non-minimally cou- 
pled Higgs field masses is important to give general char- 
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acteristics of the dynamics within the HSTT, especially 
if these are expected as small. Thus, in the follow- 
ing, this Higgs mass will be neglected and, in order 
to solve the Eq. pH)) with a vanishing Higgs field mass, 
let us write the line element in the spherical symmetry 
{x^—{x'^ — t,x^ — r, — d,x^ ~ (p}) as 



e^dty - e^dr^ - r\dd^ + sin^Mip^) , (12) 



where v and A are functions of the r coordinate only. 
Under the assumption of a point-mass at r = 0, the Higgs 
field equation given by Eq. fTUl) then takes the form 



(13) 



where the prime denotes the differentiation with respect 
to the radial coordinate r. The first derivative of the 
excited scalar field ^ from Eq. p3)) in the case of a point- 
mass (with internal structure (pressure)) at r = then 
reads 
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are defined. However, the integration constant A is given 
according to Eg. pU)) with the signature of (fT^ in the 
limit r — !■ oo by 



A: 



G / T^d^x. 



With Eq.lHl]) along with 



g:=ln(l+0, 



(16) 



(17) 



the non-trivial field equations associated to the La- 
grangian ([1]) for the metric (viz. [21] for the complete 
equations) lead in the case of a point-mass in vacuum to 
the following equations: 
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whereas Eq. is the substraction of field equations and 
is the total integral for v' with B as an integration 
constant. 

Using the value of u' given in Eq. p^ . Eq.(pn|) leads to 
the following decoupled equation: 



w 



(21) 



Now, using (fT8|) and ((2T|) one immediately deduces 

g«/2+, ^ g-»/2+5 _^ (2A + B) ^ AB ^ 
r 2r^ 



and, therefore, only the differential Eq. ([2T|) remains to be 
solved. These considerations further lead to the solution 
of the excited Higgs field given by Eq. in the following 
form for i? ^ 0: 



^ = -1 + e*^ = -1 + 



{u—w) 



(23) 



Eq. (P5)) clearly shows that such excitations of the Higgs 
scalar field are only possible for a non-vanishing value 
of the integration constant A given by Eq. (fT6| . The ex- 
ponential term with coefficient of amplitude and grav- 
itational potential gives the deflection from completely 
vanishing scalar fields. 

As boundary condition we postulate the Minkowski met- 
ric at spatial infinity. In order to determine the meaning 
of the integration constant B we consider at first the 
asymptotic case r ^ oo of the potentials, i.e. \w\ <C 1, 
|u| < 1. Then, we get from (|2T|) : 



M = 2— 

r 



AB 
2^' 



This results in 



2{A + B) AB 
r 2r^ 



[u ~ w) B 



and 



Consequently, 



{u + w) _ AB {2A + B) 



2r2 



B='^-Ml = 2MsG 



(24) 



(25) 



(26) 



(27) 



(28) 



is valid in view of the equation of motion of the line ele- 
ment (fT2|). where Ms is the asymptotic (r — > oo) visible 
mass of the particle (and represents the Schwarzschild 
mass). Further, the differential Eq. (PT1) is an Abelian 
one and can be solved exactly. With the substitution 

e^/^~^^:r~gir)^:rg, (29) 

Eq. (j21[) acquires a much simpler form as given below, 

r~g' = af-K~g^^~g, (30) 

whereas 

K ■.= 2A + B = 2{A + GMs) and (31) 
A R 

a:=-— = -AMsG. (32) 



4 



Eg. ([30)1 can be integrated by using the method of sepa- 
ration of variables, which for a 7^ reduces to the form 
given as 



1 + Kg — ag 



n2 



ViO+Ia + K -2ag 



VK^ + 4a -K + 2ag 



Va-2+4c« (J 



(33) 

The integration constant C in Eq. p3|) can be calculated 
in the Minkowskian limit 0] as 



VK^ + 4:a + K\ 



VW+4cy.~ K 



(34) 



Further, the constant K turns out to be a generalized 
mass parameter and a itself can be interpreted as a 
product-charge in terms of A and B, especially since 
Eq. (|33p turns out to be formally the solution for a min- 
imally coupled massless scalar field added to Einstein's 
field equations Q (of course, more than formally only for 
small values of the ^ field and thus g w 0). Thus, the 
non-minimally coupled massless Higgs field within the 
HSTT acts in an ananalogous way to a massless scalar 
field within Einstein's theory of gravity in |5i] . The inte- 
gration constants, however, are of different nature (since 
K and the charge a are given by both the parameters 
of the fields), and a large length scale I is expected, in- 
deed. Furthermore, symmetry breakdown is still given, 
since the ground state stays degenerate and doesn't go 
through to the one of a Wigner mode. 
In view of the Eqs.lHH), ((221) and (gHl), the metric com- 
ponents given by Eq. p^ and the scalar field by Eq. fH]) 
for the case B ^ Q may then be expressed in terms of g 
in the following form: 



1 



„2n2 



— {l + Kg-ag 



-| B/K 



1 + Kg — ag 
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-{l + K~g-a~g') 



(35) 



(36) 



(37) 



The only effective physical parameters remaining in the 
theory of the present model are the integration constants 
A and B defined by Eqs. p^ and respectively. 
Unfortunately, it is quite difficult to solve the equation 
(|33p for g explicitly. However, a transparent discussion 
of the properties of the solution is feasible in connection 
to [H]. For the limiting case A = 0, i.e. for the equation 
of state p — (see the Eg. (fT6|) ) and B ^ (i.e. a = 
and K = B), using Eqs.jS!]) and ([291), Eq. jSQl) can be 
exactly solved for g in the following form (for B = 
follows A = directly and thus the Minkowski metric 
with a vanishing value of the excited Higgs field): 



9 = 



(38) 



and thus for the potentials, using Eqs. ((35| and ((36l) : 

B 



(39) 



This is the Schwarzschild metric, according to Eq. (|12[) . 
and it appears for the limiting case A = (i.e. ^ = 0)[26|. 
For general values of A, however, the qualitative course 
shown in Q is valid. Moreover, high values of A in (l35l) 
lead to a decrease in 1/ through the exponent B/K. In 
fact, both the metric and scalar field are regular every- 
where with exception of r=0 as naked singularity. There 
exists no Schwarzschild horizon, which appears only for 
the case A = oi a vanishing scalar field excitation. 
Black holes in the usual sense do not appear in the 
case A 0. In this case, the scalar field does not lose 
its special characteristics and acts anti-gravitationally, 
canceling a singularity of curvature and metric except 
in the center as naked singularity. This is achieved 
with knowledge of the dynamical equations of the scalar 
field and from a Lagrangian ([T]) in the limiting case 
of massless fields. Herewith, the scalar field leads to 
a screening of the usual gravitational interaction (viz. 
quintessence and dark energy). For higher masses, this 
feature should be also valid, although in a weakened 
form. 

An analysis on fiat rotation curves within HSTT [2lj 
without dark matter still leads to the possibility of 
the existence of highly massive cores for the galaxies. 
Moreover, these cores, if highly massive, seem to be 
necessarily even more massive than within standard 
dynamics. This heavy mass, however, should not be 
measured as such due to the characteristics of the scalar 
field excitation at the galactic center and to the vanish- 
ing of the effective value of the gravitational coupling. 
Only the effective value of mass is directly perceived 
(which, on the other side, is what may acquaint in 
the end for the solution of the dark matter problem) 
and the effect of the "real" central mass is highly 
screened by the presence of the scalar field, as would 
be the case of the gravitative interaction around this core. 
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